Abstract. In this paper, we derive and prove, by means of Binomial theorem and Faulhaber's formula, the following identity between m-order polynomials in T k=1 m j=0
Introduction and Main results
The following identity holds in m-order polynomials P m ( , T ) A m,j k j (T − k) j by Binomial expansion of (T − k) j . We start our discussion concerning the identity (1.1) from the derivation of the partial case of the polynomial P m ( , T ) for m = 1, by means of Faulhaber's identity for n 3 . The terms of the of the polynomial P 1 (T, T ) = T k=1 1 j=0 A 1,j k j (T − k) j = T 3 over k produce the T -th row of the sequence A287326, starting from k = 1, [3] . To derive the partial case of the polynomial P m ( , T ) for m = 1, let's consider the Faulhaber's identities [1] for odd powers n 2m+1 , m ∈ N 0 The coefficients T (m, k) in these formula are related to what Riordan [19] has called central factorial numbers of the second kind. In his notation,
The coefficients T (2m, 2k) are always integers, because the x [k+2] = x [k] (x 2 /k 4 ) implies recurrence T (2m + 2, 2k) = k 2 T (2m, 2k) + T (2m, 2k − 2).
Central factorial numbers of the second kind can be calculated as follows:
( (−1)
The forward finite difference of odd power could be reached introducing the r ∈ N 1 to the lower index of binomial coefficient of (1.2) the following way By the dentity ∆f (x − 1) = ∇f (x), h = 1, backward differences could be reached as well, . . .
Continuing similarly, for every r ≥ 1 we get ∆ r n 2m−1 and ∇ r n 2m−1 . To derive the partial case of polynomial P m ( = T, T ) = T 2m+1 , T ∈ N 1 , for m = 1, recall the Faulhaber's identities ∆n 3 = 6 n+1 2
0 , thus, the perfect cube in T is:
Let's rewrite the expression (1.4), taking to the attention the following identity
Factorising the expression (1.5) we get (1.6)
Let's apply the sigma notation on the expression (1.6), we have
Although, the expression (1.7) is derived, essentially, from identity in finite differences of cubes, such as
Over the manuscript we review the P m ( , T ) in sense of backward difference ∇T 2m+1 , m ∈ N 1 , i.e we use the summation limits over k as 1 ≤ k ≤ in (1.1).
Therefore, we have reached the generating function of A287326 in r.h.s of (1.7). The corresponding coefficients A m,j in the definition
Note that by definition the polynomials m j=0 A m,j k j (T − k) j should be displayed starting from the A m,0 k 0 (T − k) 0 , we will denote these polynomials starting from the m-th term, as the order of summation doesn't change it's result. Let's construct the triangle A287326, every ( = T )-th row sum starting from k = 1 gives the terms of polynomial Table 1 . Triangle generated by the polynomial
The sum of the ( = T )-th row terms of table 1 starting from k = 1 generates the partial case of (1.1) for m = 1 and = T ∈ N, that is P 1 (T, T ) = T 3 . Binomial distribution of the row terms of table 1 can be easily proven by reviewing of its generating function
, which is parabolic for every given variable T , and, therefore, is symmetrical over
Let's show a few properties of the generating function of P 1 (T, T ), define the term D 1 (T, k)
The following properties hold in terms of
, 1 , where
is the n-th Central polygonal number, see [22] . (2) Binomial transform of the second order of D 1 (n, k):
generated by the partial case of (1.1) for m = 1 over , 0 ≤ ≤ 10:
(1.9)
The coefficients U 1 ( , k), 0 ≤ k ≤ 1 in (1.9) are terms of the sequence A320047, [21] . One would ask, "Why to show the identity (1.1) in terms of ( = T )-th row of table 1 we used the condition = T ∈ N 0 , but to show the identity (1.1) in terms of (1.9) we apply the condition T → , and ∈ N?" -We used the condition T → , and ∈ N to show the identity (1.1) in terms of (1.9) as, by definition T ∈ R in (1.1) and the variable ∈ N, since the coefficient U m ( , k) is dependent on , and, therefore, is always N 1 , so if we speak about approximation of monomial T 2m+1 by polynomial
we say that T → . The binomials, listed in (1.9) are linear approximations of monomial T 3 in some neighborhood of the point ∈ N and T → . The following figure graphically shows the binomials
among the cubic curve in T by binomials Now, we have derived and discussed the pattern A287326, generated by the
Let's find analogs of the pattern A287326 for m > 1. To find such analogs, let's determine the coefficients A 2,0 , A 2,1 , A 2,2 in the polynomial
2). Firstly, to determine the coefficients coefficients A 2,0 , A 2,1 , A 2,2 , let's rewrite the polynomial
(1.10)
Above derivation could be generalised in terms of Binomial coefficients and Faulhaber's sum for every m ∈ N 0 as follows
Note that the part A 2,0 1≤k≤ k 0 (T − k) 0 of (1.10) gives an indeterminate form as k = T since the A 2,0 (T − T ) 0 k 0 contains the term (T − T ) 0 = 0 0 . Some textbooks leave the quantity 0 0 undefined, because the functions x 0 and 0 x have different limiting values when x decreases to 0. For our purposes we will use the convention:
as it is a common agreement, see [16] . Above we have derived an expression containing sums of powers of successive natural exponents, where the powers are {1, 2, 3, 4}. These formulae contain so-called Bernoulli numbers, [7] . By Faulhaber's formula, the sums of successive powers in k are following
(1.11)
Next, we substitute the identities (1.11), into (1.10), respectively
(1.12)
Factorising the expression (1.12) and collecting the terms under common divisor with set = T ∈ N, we get
In order to satisfy (1.13) for each = T ∈ N, coefficients A 2,0 , A 2,1 , A 2,2 should be a solutions of following system of equations (1.14)
The solutions to the system (1.14) are following:
Let's construct the triangle, every ( = T )-th row sum starting from k = 1 gives the terms of polynomial Table 2 . Triangle generated by the polynomial [8] . Summation of the ( = T )-th row terms from k = 1 gives P 2 (T, T ) = T 5 , see (1.1).
By the identity (1.1) in polynomials P m ( , T ), the sum of the (T = )-th row terms of the table 2 over k from 1 to = T ∈ N gives P 2 (T, T ) = T 5 . Below we show initial ten polynomials
generated by the partial case of (1.1) for m = 2 over , 1 ≤ ≤ 10:
The coefficients U 2 ( , k), 0 ≤ k ≤ 2 in (1.16) are terms of the sequence A316349, [17] . Above polynomials are approximations of monomial T 5 in some neighborhood of the point T → , the following graph shows corresponding polynomials k=1 Similarly, finding the coefficients
we get A 3,0 = 1, A 3,1 = 0, A 3,2 = −14, A 3,3 = 140, therefore, for each = T ∈ N:
Below we show a few initial rows of the triangle, every ( = T )-th row sum starting from k = 1 gives the terms of polynomial Table 3 . Triangle generated by the polynomial [9] . Summation of the ( = T )-th row terms from k = 1 gives P 3 (T, T ) = T 7 , see (1.1).
As identity (1.1) holds, the sum of the (T = )-th row terms of table 3 over k from 1 to T = equals to T 2m+1 , m = 3. For the case P 3 ( , T ), the following polynomials k=1 = 1, 2, . .., 10 can be generated
(1.17)
The coefficients U 3 (T, k), 0 ≤ k ≤ 3 in (1.17) are terms of the sequence A316387, [18] . Above polynomials are approximations of monomial T 7 in some neighborhood of the point T → . The following graph shows corresponding polynomials Figure 3 . Approximations of monomial T 7 by polynomials P 3 (1, T ), P 3 (2, T ), P 3 (3, T ) in some neighborhood of the point = 1, 2, 3, with T → , see (1.17). Now, let generalise the the identity P m (T, T ) = T 2m+1 , T ∈ N for every integer m ≥ 0, as we have already discussed the cases m = 1, 2, 3. Firstly, let's find a recurrence formula for coefficients A m,j , 0 ≤ j ≤ m, see definition (1.1). To reach a recurrent formula of A m,j , m ≥ 0, first let's fix the unused values of A m,j = 0, for j < 0 or j > m, so we don't need to consider the summation range for j. Let's rewrite the polynomial P m ( , T ) again
Since the symmetry holds
We can rewrite (1.18) as follows
By expanding (T − k) j in r.h.s of (1.19) and using Faulhaber's formula [11] , the result is
where B t are Bernoulli numbers [14] . Now, we notice that
In particular, the last sum is zero for 0 < t ≤ j. Now, by substituting to the ( ) part of (1.20) the result of (1.21), we have
By means of (1.22), expression (1.20) takes the form
We have to remember that if the sum over some variable i contains j i , then instead of limiting its summation range to i ∈ [0, j], we can let i ∈ [−∞, +∞] since j i = 0 for i outside the range i ∈ [0, j] (i.e., when i < 0 or i > j). It's much easier to review such sum as sum from −∞ to +∞ (unless specified otherwise), where only a finite number of terms are nonzero, this fact is also discussed in [12] . Therefore, we haven't shown detailed bounds of summation in above derivation. Now, we keep our attention on (1.23). To combine or cancel identical terms across the two sums in (1.23) more easily, let introduce κ = 2j + 1 − t to ( ) and κ = j − i to ( ), respectively
Let be = T in (1.24), thus
( 1.25) Now, using the definition of A m,j ,
From (1.25) we can obtain the following identity for polynomials in T j A m,j 1 (2j + 1) 
Continuing similarly, we can express A m,j for each integer j in the range m/2 s+1 ≤ j < m/2 s (iterating consecutively s = 1, 2, ...) via the previously determined values of A m,d , d < j as follows
The same formula holds also for m = 0. Note that the m in above sum must satisfy m ≥ 2j + 1 to return a nonzero term A m,j . Definition 1.27. We define here a generating function of sequence of coefficients A m,j as follows Table 4 . Triangle generated by A m,j , j ≥ 0, 0 ≤ j ≤ m, see definition (1.27).
Note that starting from row m ≥ 11 the terms of the table 4 consist of fractional numbers, for example, A 11,1 = 800361655623.6. One can find a complete list of the numerators and denominators of A m,j in OEIS under the identifiers A302971 and A304042, respectively, see [17] , [18] . Note that
As we have found a recurrence for A m,j coefficients, let's back to the identity (1.1)
to find a recurrence for coefficients U m ( , k) for every m ≥ 1. To understand the nature of the coefficients U m (T, k), express the polynomials U m ( , k) in terms of A m,j and Bernoulli numbers. To do so, let's expand the binomial (T −k) j in the l.h.s. of (1.1) and change of the order of summation:
(1.28)
Now, taking the coefficient of T t in (1.28) gives:
From this formula it may be not immediately clear why U m ( , t) represent polynomials in T . However, this can be seen if we change the summation order again and use Faulhaber's formula to obtain:
Introducing κ = 2j − t + 1 − l to (1.29) we further get the formula:
which allows easily compute the coefficient of T k in U m (T, t) for each κ. In above formulae we assume that B 1 = + 1 2 .
1.1. Error of approximation. Generally, the monomial T 2m+1 , , m ∈ N, T ∈ R could be approximated by (1.1) as follows
In this subsection we arrange the tables with values of corresponding polynomials P m ( , T ) and monomials T 2m+1 to rate the quality of the approximation of T 2m+1 , m ≥ 0 by (1.1). We begin from the case m = 1 and T = 3, therefore, the approximating polynomials is P 1 3, T = −81 + 36T . By solving the equation T 3 − 36T + 81 = 0 we receive the following roots T 1 = 3, T 2 = 3.90833, it follows that our polynomial approximates the monomial T 2m+1 in neighborhood of T 1 and T 2 , the following table contains the values of P 1 (3, T ) and T 3 in neighborhood of the root Table 5 . Table of Below we show graphically the intersection of of F (T ) = T 3 and P 1 (3, T ) As it is mentioned above the equation T 3 − 36T + 81 = 0 has two roots T 1 = 3, T 2 = 3.90833, let's discuss the case T 2 = 3.90833, the following table represents the values of P 1 (3, T ) and T 3 in neighborhood of the root T 2 = 3.90833 61.56 Table 6 . Table of values of F (T ) = T 3 and P 1 (3, T ) in neighborhood of T 1 = 3.
Below we show graphically the intersection of F (T ) = T 3 and P 1 (3, T ) Next, let's review the case m = 2 and T = 3, the approximating polynomial is P 2 (3, T ) = 2943 − 2160T + 420T 2 . By solving the equation T 5 − (2943 − 2160T + 420T 2 ) = 0 we receive the following roots T 1 = 3, T 2 = 3.40551, T 3 = 3.98704, it follows that our polynomial approximates the monomial T 2m+1 in neighborhood of T 1 , T 2 and T 3 , the following tables contain the values of P 2 (3, T ) and T 5 in neighborhood of the roots T 1 = 3, T 2 and T 3 262.05000 Table 7 . Table of Next, let's review the values of F (T ) = T 5 and P 2 (3, T ) in the neighborhood of the root T 2 = 3.40551 as follow table shows Table 8 . Below we show graphically the intersection of F (T ) = T 5 and P 2 (3, T ) in point T 2 = 3.40551 Now, let's review the values of F (T ) = T 5 and P 2 (3, T ) in the neighborhood of the root T 2 = 3.90833 as follow table shows 1059.37800 Table 9 . Below we show graphically the intersection of F (T ) = T 5 and P 2 (3, T ) in point T 3 = 3.98704 Now, let's keep our attention to the case m = 3 and = 2, the approximating polynomial is P 3 (2, T ) = −9028 + 13818T − 7140T 2 + 1260T 3 . By solving the equation T 7 − (−9028 + 13818T − 7140T 2 + 1260T 3 ) = 0 we receive the following roots T 1 = 2, T 2 = 2.8605, T 3 = 2.98955, it follows that our polynomial approximates the monomial T 7 in neighborhood of T 1 , T 2 and T 3 , the following tables contain the values of P 2 (3, T ) and T 5 in neighborhood of the roots T 1 , T 2 and T 3 , note that we have arranged the roots T 2 and T 3 in single table Table 10 . Table of Below we arrange a plot of intersection of F (T ) = T 7 and P 3 (2, T ) = −9028+13818T −7140T 2 + 1260T 3 in T 1 = 2 Let's show the values of the F (T ) = T 7 and polynomial P 3 (2, T ) = −9028 + 13818T − 7140T 2 + 1260T 3 in neighborhood of two other roots, T 1 = 2.86046, T 2 = 2.98955 T F (T ) = T 7 P 3 (2, T ) = −9028 + 13818T − 7140T Below we show graphically the intersection of F (T ) = T 7 and P 3 (2, T ) = −9028 + 13818T − 7140T 2 + 1260T 3 in point T 3 = 3.98704 in points T 2 = 2.8605, T 3 = 2.98955 
